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5 Implicit Di↵erentiation

Learning Objectives: After completing this section, we should be able to

• find the derivative of a function when it is implicitly defined.

5.1 Chain Rule Review

Chain Rule Problem from a Table:

Example. We have f 0
(1) = 2, g(0) = 1, and g0(0) = 3. Compute

d
dx (f (x+ g (x))) at x = 0.

You try!

Example. Let f(x) = x2
+ 2 (g (x))3. Find f 0

(x).

insid =x+gra outside fru
inside=1+g(x) outsid=f'ruf

Bythe chain wat

*f(xg) =f(x +grx))-(1+grx)
outside inside insider

so fresher =fro+grof.(1+grorf
x =0
-

"evaluate at=f(0 +1)-(1 +3) rusius 9 ↑
=f-r.4

using fr =2=

2.4 =8

2.(grx)]

chain rate.·outside= 2.3 inside =g(x
outsideGu insida =gx

=>*x2/grx) =outside insidale inside
=outsida/grerde gre
= 6/grx.grx)

so f(x) =2x +6(grx)-g(x).
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5.2 Implicit Equations

An explicit equation is

An implicit equation is

Even though we don’t know y = f(x) explicitly,

Example. x3
+ y3 � 9xy = 0. Find

dy
dx .

of the fore itsome
function oft

ex
cas(x4

t
=2function thatonlydepends on

the

dup entitatio
the independantvariable X.

a relation/equation involving ex, butitis
not

written in the form =Some frate of X

* x2+2 =

1 a circle of radius

what

happe
WL +r to solve for ?

=
=I= =f and =-N

-
I differentequations.

Ex+*-9x1 =0 = impossib to solv for -

T

2 &

-> x3+3- 4x =0

we can still find the stops of the fangant live

to an implicitcurve if find
we dx

still thinkof X as depending on reven

though we can write if as

=some feat of x

=>thinkof * as if itwere inside of a charrier

-
3

is SOMC
"facte"Iinside an outer ficti

3
r
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Example Continued.

Feel take &x of both sides

(x +13 - axy=o

= &x3 +x -9 =
0

↳

H ↓ productrul

Straight chain

forward outside fruzu inside-

3 x2 outsid=fru)=3u2 insidi= ==
*=outside inside inside

=outsidey
=3

*rx-y)=productrela
left =x

right=

12f + = right==

*-left-right left,
right

=
=

=
3X
2
+38 - 9x - 9.1 =

0

Step 2:Solve for
or cratesnote to set

ofthe equation

H factor-

a divide ↓o
solve for

3x +3- 9x - 9 =
0

=>32 - 9x =

- 3x2 +9 ra

=>(3x - 9x] =- 3x +9x
of

3- ax 32- 9x

- 3x2 +a
= -

32
-
9x

r
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Example Continued. What does this
dy
dx tell us?

the formula gives stops of the tangenttothe

implicitcurver so long as MYis on the original curre

9 -3x2
8 =

32 - ax
1

↑
ru Essent-

d

↓

-
+4 +x- qx =0

To find ata points always verify the pointis on
the

curve i

Evariferayison x
3
+32- 9x =

0

- 23 +4 - 9.2.4 =8 +64 - x2 =0r

Find *at -2-4):

d -

9 -

3x2
-a==

dx
-

32- ax
(2,4)

-2-4

"evaluated af

-24--

whats tha tangentlies to the implicitcurve atrent?

point12_4 1 - x =m(x -x)

stop:Y5 -

a
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Example. Suppose y2ex + xey
2

= 4 + x. Find dy
dx .

You try!

Example. Suppose tan(x2y) = x+ y3 sin(x). Find dy
dx .

fe +x=
=> =0+
en
↓ ↳

product wa Aruduat ru
-

left=u right =2* reff =x right =e
2

refr=2right=e left'= right= I

X ↳e* +2e origina

exponent exponent

=>rez +re
=> +2 +x+e =
2 =>2+x -* -

2

2

- =>2 +x23:1-ret-ei
dX-
a=?
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Example. The energy of a capacitor is given by E =
1
2
Q2

C .


